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Abstract: In ungauged catchments, flood hydrographs are usually simulated/reconstructed by simple rainfall-runoff 
and routing models. Horton’s and Schumm’s ratios serve as the input data for many of these models. In this paper, 
more than 800 Carpathian catchments (up to 35.2 km2 in area) were investigated in context of the “Horton’s and 
Schumm’s laws”. Results reveal that the “law of stream number” and “law of stream areas” are fulfilled in almost all 
catchments. The mean that values of the bifurcation ratio (RB) and the area ratio (RA) reach 3.8 and 4.8, respectively, 
and are thus comparable to values reported in other regions of the world. However, the “law of stream lengths” is not 
fulfilled in more than half of the catchments, which is not consistent with many theoretical studies reported in the lit-
erature. Only 383 (48%) catchments fulfill the “law of stream length”, with the mean value of the length ratio (RL)=2.3. 
There was no relationship found between the geological/geomorphological settings that influence river system devel-
opment and the spatial distribution of catchments where the “law of stream length” was or was not was fulfilled. A 
similar conclusion was reached for the spatial distribution of the RB, RL, and RA ratios. These results confirmed that the 
use of Horton’s and Schumm’s ratios for the evaluation of the influence of geological/geomorphological settings on 
the river system development is limited. Among the lumped hydrological models, those requiring the RB, RL, and RA 
ratios have been extensively studied over last decades. This study suggests that the application of these models may 
be limited in small catchment areas; therefore, more attention should be placed on the development of hydrological 
models where the RB, RL, and RA ratios are not necessary.
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Introduction

The river system is important as it serves to 
control catchment hydrology and acts as an in-
dicator of geologic and geomorphologic process-
es (Kirby 1976, Daniel 1981, Cox 1989, Kirchner 
1993). The river system develops in a tree-like 
structure and exhibits tremendous regularity 
and organization (Bras, Rodrigues-Iturbe 1989). 

The river system may be described by many 
characteristics (e.g. Strahler 1957, Dobija, Dy-
nowska 1975, Bras, Rodrigues-Iturbe 1989, La 
Barbera, Rosso 1992). Horton was the first to pro-
pose quantitative methods to analyze the river 
systems (Strahler 1957). Horton’s “law of stream 
numbers” (Horton 1945) thus states that Ni, the 
number of streams of order i, decreases geomet-
rically with stream order: 
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                      	 Ni/Ni+1≈RB or Ni≈RB
Ω-i 	 (1)

where Ω is the order of the network’s main stream 
and RB is the “bifurcation ratio”. 

Horton’s “law of stream length” (Horton 1945) 
holds that Li, the mean length of the streams of 
each order, increases geometrically with stream 
order: 

	 Li/Li-1≈RL or Li≈L1RL
i-1	 (2)

where L1 is the mean length of the first-order 
stream and RL is termed the “length ratio”.

The “law of stream areas,” proposed by 
Schumm (1956), in the spirit of Horton’s law, 
holds that catchment area Ai, increases geometri-
cally with stream order:

	 Ai/Ai-1≈RA or Ai≈A1RA
i-1	 (3)

where A1 is the mean area draining into each 
first-order tributary and RA is the “area ratio”. 

Horton’s approach to river network analysis 
has been presented and discussed in the litera-
ture many times (e.g. Shreve 1966, 1967, 1969, 
Smart 1967, 1968, 1972, Scheidegger 1968, 1970, 
Ranalli, Scheidegger 1968, Gutry-Korycka 1987, 
Bras, Rodrigues-Iturbe 1989, Garcia-Ruiz, Otalo-
ra 1992, La Barbera, Rosso 1992, Kirchner 1993), 
and the RB, RL, and RA ratios are usually perceived 
as measures that quantify the degree of similari-
ty present in a given river system (Tarbon 1996). 
Some articles contain criticism of Horton’s work 
and propose alternative approaches that describe 
the river systems more consistently with how they 
are observed in nature, such as the random topol-
ogy model (e.g. Shreve 1966, 1967, 1969, Scheide-
gger 1968, Kirby 1976), or fractal models (e.g. La 
Barbera, Rosso 1992, Rosso et al. 1991, Tarbaton 
et al. 1998, Ariza-Villaverde et al. 2013). Kirchner 
(1993) analyzed the applicability of Horton’s ra-
tios when detecting “topologically random/not 
random” river networks. He showed that statisti-
cally, almost all possible networks obey the same 
laws proposed by Horton and Schumm. He noted 
that: “If the river systems have distinctive char-
acteristics, Horton’s ratios fail to identify them, 
yielding only the singular imprecise conclusion 
that natural system networks are some subsets of 
all possible networks” (Kircher 1993:592). While 
Horton’s ratios have some limitations in geo-

morphological analysis (Kirchner 1993, Tarbon 
1996), the ratios are commonly used, especially 
since they have been incorporated into the ge-
omorphologic instantaneous unit hydrograph 
(GIUH) theory (Rodrigez-Iturbe, Valdes 1979). 
Since then, the RB, RL, and RA ratios have served 
to provide data for many lumped conceptual hy-
drological models; for instance, they have been 
successfully used in ungauged catchments for 
flood wave simulation/reconstruction (e.g. Ros-
so 1984, Ziemońska, Żelaziński 1984, Więzik 
1987, 2010, Jain et al. 2000, Nasi et al. 2004, Boni et 
al. 2007). Therefore, determining whether a river 
network fulfills “Horton’s laws” is important for 
operational hydrology and flood wave modeling. 
As was emphasized, the relationship on a log 
plot between Li, Ni, and Ai versus stream orders 
i should be nearly linear (Kirchner 1993). If not, 
then the RB, RL, and RA ratios should not be used 
for river network characterization in a hydrolog-
ical modeling process.

The goal of this study is to analyze the riv-
er networks of small Carpathian catchments 
(A<35.2 km2) in the context of “Horton’s and 
Schumm’s laws”. The detailed goals are to eval-
uate the following: 1) whether the river systems 
fulfill the “law of stream number”, the “law of 
stream length”, and the “law of stream area”; if 
so, 2) what is the growth rate of the river systems 
and the mean values of the RB, RL, and RA ratios?; 
and 3) what are the characteristics of those river 
systems where Horton’s and Schumm’s laws are 
not fulfilled? 

In the Carpathian catchment, which reaches up 
to 35.2 km2 in area, the region is usually affected 
by flash flooding (Bryndal 2008, 2014a, b). Given 
that those catchments are usually ungauged, flood 
hydrographs are simulated/reconstructed by sim-
ple rainfall–runoff and routing models. Horton’s 
and Schumm’s ratios serve as the input data for 
many of those models. From this context, this pa-
per contributes to the regional understanding of 
a river system’s development in flysch mountain 
areas, specifically in the Polish Carpathian Moun-
tains. It also addresses hydrological and flood 
risk management issues, especially since many 
hydrological models that have been developed 
for runoff simulation require determination of the 
RB, RL, and RA ratios (Pristachova 1990, Nowicka, 
Soczyńska 1991, Ostrowski 1994, Jain et al. 2000, 
Nasi et al. 2004, Ciupa 2010, Kroczak 2010). 
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Materials and methods

The Hortonian-type of analysis of a river 
system, based on the type of input data (field 
measurement, topo-maps, aerial photos, etc.) 
and methodology used, is a time-consuming pro-
cess. Nowadays, this analysis is usually based on 
Digital Terrain Models (DTM) and is supported 
by many geographic information system (GIS) 
toolkits (Lindsay 2005, Bohner et al. 2006, Hengl, 
Reuter 2009, Jasiewicz, Metz 2011). 

In this study, the geodatabase of the Polish 
Carpathians was developed and analyzed by the 
ARC-GIG 9.3 software with the AcrHydro toolkit 
(Maidment 2002). The geodatabase consisted of a 
DTM with a resolution of 20×20 m, interpolated 
from the point vector data of 1:10,000. The riv-
er network was imported from the vector map 
(1:50,000 in scale) and incised into the DTM. In 
this way, the detailed river network that was 
presented on the 1:50,000 vector type layer was 
included in the analysis. This layer served as the 
input data in the ArcHydro toolkit. The stream 
network was generated by means of the D8 al-
gorithm (Maidment 2002), classified according to 
Strahler’s ordering scheme (Strahler 1957), and 
the i-order sub-catchments were delineated. 

Many GIS toolkits (Lindsay 2005, Bohner et al. 
2006, Hengl, Reuter 2009, Jasiewicz, Metz 2011) 
support the Hortonian-type analysis by using 
stream ordering classification, segmentation, riv-
er sub-catchment delineation, and so on. Some GIS 
toolkits calculate the RB, RL, and RA ratios direct-
ly, usually basing on the ordinary least-squares 
regression. This approach is sometimes criticized 
because regression assumptions are usually vio-
lated (Furey, Troutman 2008). Moreover, points 
corresponding to a short main stream, and which 
would thus exert undue leverage, are omitted 
from RL regression, as per typical practice (Kirch-
ner 1993). It is this author’s opinion that the “clas-
sical approach”, supported by log plot analysis, 
guarantees that Horton’s and Schumm’s laws of 
a river system may be evaluated more precisely. 
As was emphasized, the relationship on a log plot 
between Li, Ni, and Ai versus stream order should 
be nearly linear (Kirchner 1993), otherwise the 
RB, RL, and RA ratios should not be used as input 
data to characterize a river system in hydrolog-
ical models. Sometimes, this assumption is not 
strictly obeyed (Pristachova 1988). The “classical 

approach” allows one to evaluate whether river 
systems fulfill Horton’s and Schumm’s laws and 
to characterize those river systems where Hor-
ton’s and Schumm’s laws were not fulfilled. 

The descriptive statistics provided the oppor-
tunity to assess the growth rate of the Carpathian 
river system, as well as to compare the Carpathi-
an river system with other river systems in other 
regions of the world. The Carpathians comprise 
a region where geology, lithology, and relief 
change cross. The spatial distribution of these 
catchments enables one to relate the RB, RL, and 
RA ratios to geological and geomorphological fac-
tors that influence a river system’s development.

The river systems of catchments smaller than 
35.2 km2 were delineated on the basis of DTM. 
Taking into account the principles of the Hortoni-
an-type analysis (e.g. Scheidegger 1968), only the 
catchments with the highest order stream Ω≥3 
were considered in the analysis.

The study area

Most of the study area belongs to the Polish 
Outer Carpathians which are mostly built of 
flysch rocks folded in Miocene (Oszczypko 1995). 
The bedrocks are covered by 0.1–2.0 m thick 
mantle. Loess-like deposits cover the northern 
part of the region. Fluvial deposits fill the bot-
tom parts of the main Carpathian’s rivers and 
intra-mountain basins. The flysch Carpathians 
consist of medium-high mountains (Beskidy), 
foothills and intra-mountain basins (Fig. 6). The 
Carpathian Foothills have low relief (100–200 m) 
which consists of round ridges with gentle slopes 
(10–20°) and valleys with wide bottoms (100–300 
m). The elevation ranges from 500 to 600 m a.s.l. 
Well-developed Cambisols and Luvisols form a 
soil cover, thus it is an agriculture region. Forests 
cover steeper parts of the hillslopes and small 
valleys which incise the hillslopes. The Car-
pathian’s Foothills neighbor the medium-high 
mountain region called the Beskidy. This region 
has steep slopes (20–50°), the topographic relief 
ranges from 300 to 800 m and elevation exceeds 
1000 m a.s.l.. The Acid Cambisols, Lithosols and 
Rancers form a soil cover. This region is more 
forested than the foothills. Forests cover upper 
and steeper parts of the hillslopes whereas arable 
lands occupy lower and gentler parts. 
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The Tatra Mts. are located in the southern 
part of the study area. The bedrocks consist of 
the granite rocks (mainly the Eastern Tatra Mts.) 
and limestones, dolomites (mainly the Western 
Tatra Mts.). The relief is characterized by steep 
slopes and the topographic relief exceeds 800 m. 
The Lithosols, Rankers, Rendzinas, Podzols form 
a soil cover. This region is covered by spruce 
forests. The study area has the moderate climate 
conditions. In the Carpathian Mts. average annu-
al temperature ranges from 7°C on the foothills to 
0°C in the highest parts of the Tatra Mts. Average 
annual precipitation ranges from 700 mm to 1600 
mm (Obrębska-Starklowa et al. 1995). 

Results

There were 1,031 catchments smaller than 35.2 
km2 in area that were delineated on the basis of 
DTM (Fig. 1). There were a total of 499 (48%) first- 
and second-order catchments, and they were ex-
cluded from the analysis; these catchments were 
usually smaller than 3 km2. There were 802 (52%) 
catchments with the maximum stream order Ω ≥ 
3 (Fig. 1). The third-order catchments dominated 

(63%) in this group; more than 80% of these catch-
ments were larger than 3 km2 and smaller than 18 
km2. The fourth-order catchments accounted for 
37%. In this group, 80% of catchments were larg-
er than 11.9 km2 and smaller than 34 km2. There 
were only 21 (3%) fifth-order catchments (3%); 
they were larger than 24 km2. 

The bifurcation ratio (RB)

The “law of stream number” was fulfilled in 
801 catchments. The average value of the bifur-
cation ratio (RB) amounted 3.8 and the diversi-
ty measures reached a standard deviation (Std.
Dev.) of 0.93 and had coefficient of variation 
(Coef.Var.) of 24% (Fig. 2A). Ninety percent of 
the catchments had an RB ratio lower than 4.8 
(Fig. 2A). Significantly higher values of the RB ra-
tio (outliers and extreme observations on the box 
plot) were observed in 20 catchments (Fig. 2A). 
The highest RB ratio reached 9.

As the empirical results indicate, the RB for 
natural catchments normally ranges from 3 to 5 
(Smart 1967, 1972, Bras, Rodriguez-Iturbe 1989). 
An RB ratio ranging from 3 to 4.5 was found to be 
typical for the large Carpathian catchments (Ba-

Fig. 1. Spatial distribution of the investigated catchments. 1 – catchments with the highest stream order Ω ≥ 3, 2 – catchments 
with the highest stream order Ω ≤ 2, 3 – the study area
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jkiewicz-Grabowska 1987); similar values were 
obtained in this study for the small catchment 
areas. 

The river systems differed in terms of the rate 
of bifurcation (Fig. 2B). Average values of the N1/
N2 (4.0), N2/N3 (3.8), N3/N4 (2.9), and N4/N5 (2.2) 
ratios revealed comparable rates of river system 
development up to the third-order streams (Fig. 
2B). Similar conclusions were reached by Morisa-
wa (1962) in the catchments of the Appalachian 
Plateau. The second-order stream was usually 

created by 2–6 first-order steams. A similar rela-
tionship was observed between the second-order 
and third-order streams. Similar rates of the bi-
furcation ratio were reported by Strahler (1957) 
for small catchments in southern Indiana. 

The histograms presenting the rate of bifur-
cation were right-skewed – 1.5<Sk<1.9 (Fig. 2B); 
similar distributions were reported in the liter-
ature (e.g. Bajkiewicz-Grabowska 1987). The bi-
furcation ratio (mean) decreased as the highest 
stream order (Ω) increased (Table 1). 

Fig. 2. The bifurcation ratio (RB) in the investigated catchments – A, the growth rate of the bifurcation ratio – B. N – number 
of catchments, Coef.Var. – coefficient of variation
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The length ratio (RL)

The “law of stream length” was fulfilled in 
383 (48%) catchments. The average length ra-
tio (RL) reached 2.3 (Fig. 3A) and the diversity 

measures (Std.Dev.=0.6, Coef.Var.=30%) were 
slightly higher compared to the RB ratio (Coef.
Var.=24%). Eighty percent of catchments had an 
RL ratio higher than 1.5 and lower than 3.2 (Fig. 
3A). Higher values of the RL ratio (outliers and 

Table 1. Mean ratios of the stream number (Ni) in catchments where “the law of stream number” was fulfilled

Ω Number of 
catchments N1/N2 N2/N3 N3/N4 N4/N5 Mean

3 485 4.0 3.7 – – 3.9
4 294 4.1 4.0 3.0 – 3.7
5   22 4.4 3.4 2.9 2.2 3.2

Ω – the highest stream order within the catchment.

Fig. 3. The length ratio (RL) in the investigated catchments – A, the growth rate of the length ratio – B. Labeled like Fig. 2
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extreme observations on the box plot) were re-
corded in 15 catchments (Fig. 3A). The highest 
value of RL reached 5.5. 

For natural catchments, the RL ratio usually 
ranges from 1.5 to 3.5, with the mean equal to 2.0 
(Smart 1968, 1972, Bras, Rodriguez-Iturbe 1989). 
An RL ratio ranging from 1.5 to 3.5 was found to be 
typical for the large Carpathian catchments (Baj
kiewicz-Grabowska 1987). The RL ratios obtained 
in this study are comparable to those reported for 
other regions in the world.

The average values of L2/L1, L3/L2, L4/L3, and 
L5/L4 increased and reached 1.9, 2.6, 2.1, and 2.9, 
respectively. The mean length of the first-order 
stream reached 0.5 km (Coef.Var.=30%) and this 
value increased as the stream order increased (Ta-
ble 2). The rates of the length ratio are compara-
ble to those found in other regions of the world 
(Morisawa 1962). 

More than 50% of the catchments did not fulfill 
the “law of stream length”, even though the “law 
of stream number” was obeyed. This fact was also 
emphasized by Bajkiewicz-Grabowska (1987) for 
large Carpathian catchments. The river systems 
where the “law of stream length” was not ful-
filled usually developed in accordance with one 
of three models (Fig. 4). 

Model I. The river system developed in ac-
cordance with the “law of stream length” up to 
Ω-1 stream order. The average length of the high-
est stream order is lower than the average length 
of the Ω-1 stream order segment (Fig. 4A, Model 
I). A typical catchment where a river system is 
developed according to this model is presented 
in Fig. 4B-Model I. The river system is character-
ized by a great degree of asymmetry, and the sec-
ond-order streams are longer than the third-order 
steams.

Model II. The average values of the i-order 
streams increase, but their lengths differ consid-
erably (Fig. 4A, Model II). The catchment pre-
sented in Fig. 4B-Model II represents a typical 

example of this model. The river system in this 
catchment is usually characterized by a dendrit-
ic-type pattern.

Model III. The average length of the second-or-
der streams is lower than the average length of 
the first-order streams (Fig. 4A, Model III). A 
typical catchment where the river system devel-
oped according to this model is presented in Fig. 
4B-Model III. The river system of this catchment 
is usually characterized by a trellis-type pattern 
(Fig. 4B, Model III). 

These three models describe 70% of the river 
networks within the catchments where the “law 
of stream length” is not fulfilled.

The area ratio (RA)

The “law of stream areas” was fulfilled in 797 
catchments; four catchments had not fulfilled 
this law. The average value of the area ratio (RA) 
reached 4.8 (Fig. 5A). The standard deviation (1.3) 
and the coefficient of variation (26%) were similar 
to those of the RB ratio (Fig. 2A). Ninety percent 
of the catchments had an area ratio higher than 
3.4 and lower than 6.4 (Fig. 5A). Significantly 
higher values (outliers and extreme observations 
on the box plot) were recorded in 23 catchments 
(Fig. 5A). The highest RA value reached 11.

For natural catchments, the RA ratio usual-
ly ranges from 3 to 6 (Smart 1972, Bras, Rodri-
guez-Iturbe 1989). Similar values were recorded 
in the investigated catchments. 

The average values of the A2/A1 (5.6), A3/A2 
(4.6), A4/A3 (3.2), and A5/A4 (2.3) ratios revealed 
that the rates of river system development were 
comparable up to third-order stream (Fig. 5B). 
Similar conclusions were reached by Morisa-
wa (1962) in the catchments of the Appalachian 
Plateau. The sub-catchment drained by the sec-
ond-order streams is usually 4–6 times larger 
than that of the sub-catchment drained by the 
first-order streams. A similar relationship was 
observed between the second- and third-or-
der streams. The histograms of the area ratio in 
the small Carpathian catchments were strongly 
skewed to the right (Fig. 3B), which is compara-
ble to distributions reported in the literature (e.g. 
Strahler 1957, Shreve 1969). The mean area of the 
sub-catchments drained by the first-order stream 
reached 0.3 km2; however, the rate of growth 

Table 2. Average length of the i order stream 
Steram 
order i

Number 
of catchments Mean km Coef.Var. %

1 383 0.5 30
2 383 0.9 39
3 383 2.4 61
4 125 3.5 44
5    7 3.2 32
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Fig. 4. The models of a river system development in the catchments where the “law of stream length” was not fulfilled – A, 
Example catchments – B
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slightly differed in subsequent segments (Table 
3). 

Linkage between the RB, RL, and RA ratios 
and the geographical sub-regions of the 
Carpathians

Geological settings and relief strongly affect 
river system development (Shreve 1967, 1968, 
Daniel 1981, Bajkiewicz-Grabowska 1987, Cox 
1989). In the Carpathian Mountains, the geograph-
ical sub-regions differ in terms of their geological 

and relief conditions (see the study area). The spa-
tial distribution of the catchments where Horton’s 
and Schumm’s laws were fulfilled (Fig. 6) were re-

Table 3. Average sub-catchment area of the i order 
stream

Stream 
order i

Number of 
catchments Mean Coef. Var.

1 797 0.3 41.6
2 797 1.8 52.2
3 797 8.0 60.0
4 316 23.0 37.7
5 22 31.4 13.8

Fig. 5. The area ratio (RA) in the investigated catchments – A, the growth rate of the area ratio – B. Labeled like Fig. 2
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lated to the geographical sub-regions. It is worth 
noting that the catchments were distributed more 
or less uniformly in the geographical sub-regions. 
A slightly higher concentration of catchments was 
observed on the Carpathian Foothills, where the 
bedrocks consist of thick layers of loess-like de-
posits and less-resistant flysch outcrops of Sile-
sian Napple and Skole Napple (Oszczypko 1995). 
Slightly different conditions occur in other parts 
of the Carpathians, where more resistant bedrock 
strongly influences river system development. 
However, there is no simple relationship between 
regional changes in geological settings, relief con-
ditions, and the spatial distribution of catchments 
where Horton’s and Schumm’s laws were ful-
filled. These catchments were identified in almost 
every region of the Carpathians. 

There are no significant regional differences 
in the values of the RB, RL, and RA ratios (Fig. 7). 

Most of the catchments had an RB ratio between 
3 and 4. These catchments were equally distrib-
uted on the Carpathian Foothills, in the Beskidy, 
and in the Tatra Mountains. The same conclusion 
could be drawn for the catchments where the RB 
ratios ranged between 4 and 5 (Fig. 7). Slightly 
higher values of the RB ratio were observed in 
the western part of the study area – Beskid Mały, 
the Babia Góra Ridge, Działy Orawskie, Beskid 
Orawsko-Podhalański, and Gorce (Fig. 7). A sim-
ilar relationship was observed for the length ra-
tio and the area ratio (Fig. 7). Catchments where 
the RL ratio was enclosed within classes 1–2 and 
2–3 dominated. Slightly higher values of the RL 
ratio were observed in the western part of the 
study area. Several catchments had an RL ratio 
greater than 3. These catchments occurred in al-
most every region of the Carpathians. Most of the 
catchment areas had RA ratios between 4–5 and 

Fig. 6. Distribution of catchments where the “Horton’s and Schumm’s laws” were fulfilled. 1 – catchments, 2 – the study area
Geographical regions after J. Kondracki (1994). PŚ – Śląskie Foothills, PWI – Wielickie Foothills, PW – Wiśnickie Foothills, PR – Rożnowskie 
Foothills, PC – Ciężkowickie Foothills, PD – Dynowskie Foothills, PS – Strzyżowskie Foothills, PP – Przemyskie Foothills, PB – Bukowskie 
Foothills, PJ – Jasielskie Foothills, PS-G – Spisko-Gubałowskie Foothills, BŚ – Beskid Śląski, BM – Beskid Mały, BŻ – Beskid Żywiecki, PB 
– the Babia Góra Ridge, DO – Działy Orawskie, BOP – Beskid Orawsko-Podhalański, BMA – Beskid Makowski, BW – Beskid Wyspowy, 
BS – Beskid Sądecki, BN – Beskid Niski, B – Bieszczady Mts. KS – Sądecka Basin, KR – Rabczańska Basin, KŻ – Żywiecka Basin, KO-N – 

Orawsko-Nowotarska Basin, DJ-S – Jasielsko-Sanocka Basin, OG – Gorlice Basis, RT – Podtatrzański Trench, TW – the Eastern Tatra Mts., 
TZ – the Western Tatra Mts. P – the Pieniny Mts., GTS – the Sanocko-Turczańskie Mts.
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Fig. 7. The bifurcation ratio (RB), the length ratio (RL) and the area ratio (RA) in the catchments where the “Horton’s and 
Schumm’s laws” were fulfilled. 1 – the study area
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5–6; there was no regional diversity in the RA ra-
tio’s spatial distribution.

Discussion

Many studies (e.g. Shreve 1966, 1967, 1969, 
Smart 1968, Kirchner 1993) have discussed Hor-
ton’s and Schumm’s laws on the basis of “sta-
tistical models”, and they have compared the 
results to natural river systems. In this way, 
Kirchner (1993) showed that, statistically speak-
ing, roughly 95% of river systems obey Horton’s 
and Schumm’s laws, regardless of whether the 
systems are topologically random or not. In oth-
er words, almost all river systems should theo-
retically fulfill Horton’s and Schumm’s laws, re-
gardless of the forcing factors that influence river 
system development (e.g. geology, relief, climate, 
etc.). A detailed investigation of natural river 
systems does not support this conclusion (Baj
kiewicz-Grabowska 1987, Pristachova 1988). In 
the Polish Carpathians, the river systems of large 
catchments (a few hundred km2 in area) have not 
fulfilled the “law of stream length”, in spite of the 
fact that the “law of stream number” was fulfilled 
(Bajkiewicz-Grabowska 1987). The same conclu-
sion was reached by Bryndal (2012) within small 
catchments in the northeastern part of the Polish 
Carpathians. This study revealed that more than 
50% of the small Carpathian catchments have not 
fulfilled the “law of stream length”. If the river 
system had fulfilled Horton’s and Schumm’s 
laws, then the values of the RB, RL, and RA ratios 
should be similar to those reported in other re-
gions of the world (Morisawa 1962, Bras, Rodri-
gues-Iturbe 1989).

The general view is that geological settings 
and relief conditions may contribute to the fail-
ure to fulfill Horton’s laws. However, this study 
revealed that there was no simple relationship 
between the regional diversity of geological 
settings, relief conditions, and the spatial distri-
bution of catchment areas where Horton’s and 
Schumm’s laws were fulfilled. The catchments 
were observed on the foothills, in the mid-moun-
tain terrain, and in the high-mountain regions of 
the Carpathians. Moreover, there were no signif-
icant regional differences in the values of the RB, 
RL, and RA ratios within the Carpathians. These 
results confirmed the limitation of Horton’s and 

Schumm’s ratios in the evaluation of the influ-
ence of geological/geomorphological factors on 
river system development. As was emphasized 
by Kirchner (1993), Horton’s ratios fail to identi-
fy river systems with distinctive characteristics, 
yielding only the singular imprecise conclusion 
that natural system networks are the subsets of 
all possible networks (Kircher 1993).

The fact that Horton’s law is not fulfilled in 
many small catchment areas is important to con-
sider from a practical point of view. It is worth 
remembering that catchments up to 35.2 km2 in 
area are usually affected by flash flooding in the 
Carpathians (Bryndal 2008, 2014a, b). As those 
catchments are rarely gauged, the hydrological 
data are usually obtained as a result of hydro-
logical modeling. It is notable that the data ob-
tained from these hydrological models are often 
the only source of information used in the design 
of hydrological infrastructure or in the mitiga-
tion of adverse impacts of flash flooding (e.g. by 
delineation of the inundated areas for p-proba-
ble flood events). Many studies have focused on 
the development or application of hydrological 
models where the RB, RL, and RA ratios are re-
quired as input data (e.g. Ziemońska, Żelaziński 
1984, Więzik 1987, 2010, Soczyńska 1987, Nowic-
ka, Soczyńska 1991, Ciupa 2010, Kroczak 2010). 
The results of this study thus suggest that the use 
of these models may be limited. Therefore, more 
attention should be placed on the hydrological 
models where the RB, RL, and RA ratios are not 
required. 

Conclusions

The results of this study may be concluded as 
follow:

–– The river systems of the small Carpathi-
an catchments generally fulfill the “law of 
stream number” and the “law of stream ar-
eas”. Detailed analyses of log-plots revealed 
that more than 50% of catchment areas do 
not fulfill the “law of stream length”. This 
fact led to the conclusion that the applicabil-
ity of many hydrological models where the 
RB, RL, and RA ratios were required as input 
data may be seriously limited. In this con-
text, more attention should be given to the 
development and application of hydrological 
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models where the RB, RL, and RA ratios are 
not required.

–– When the river systems of the small Carpathi-
an catchment fulfill Horton’s and Schumm’s 
laws, the values of the RB, RL, and RA ratios are 
similar to those reported in the other regions 
of the world. 

–– There is no simple relationship between the 
regional diversity of the geological settings, 
relief conditions, and spatial distribution of 
the catchment areas where the “law of stream 
number”, the “law of stream length”, and the 
“law of stream area” were or were not fulfilled. 
A similar conclusion was reached for the spatial 
distribution of the RB, RL, and RA ratios. These 
results confirmed that the use of Horton’s and 
Schumm’s ratios in the evaluation of the influ-
ence of geological/geomorphological settings 
on river system development is limited.
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